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Abstract 

The internal bialgebroid - in a symmetric monoidal category with coequalizers - is defined. 
The axioms are formulated in terms of internal entwining structures and alternatively, in terms 
of internal corings. The Galois property of the coring in question is related to the Xjj-Hopf 
algebra property. The language of entwining structures is used to discuss duality. 



1 Introduction 

Entwining structures have been introduced by T. Brzezihski and S. Majid in defining coalgebra 
principal bundles. The relevance of entwining structures is raised by the observation of M. Takeuchi 
that they provide examples of corings - i.e. comonoids in bimodule categories. 

The theory of corings jH| has been applied among others in the theory of rings and of graded 
algebras and also in non-commutative geometry. One of the most important applications is, 
however, its connection with bialgebras. The various notions of Hopf type modules over a bialgebra 
can be unified in terms of comodules over appropriate corings In particular, as it was pointed 

out by R. Wisbauer ([SHI, Proposition 5.2) an algebra {A, ^a, Va) and a coalgebra {A, Aa, ca) over 
a commutative ring k (where A is faithful as a fc-module) combine into a bialgebra if and only 
if the fc-module A f A - with left A-action /i^»^(Ayi f A f A) and right ^-action A f ha, 

coproduct Aa f A and counit f ^ - is an yl-coring. Alternatively, if and only if the algebra 
and the coalgebra structures are entwined by the map ^^^^{Aa f ^ f Va)- 

In the papers [H] and jJH] entwining structures and corings have been generalized by allowing 
the module structures in the definition to be non-unital. The main motivation for the introduction 
of these so called weak entwining structures and weak corings was to establish similar connections 
with weak bialgebras ^Hl l2| as one has between entwining structures, corings and bialgebras. 

The motivation of the present paper is similar. In order to make connection with (internal) 
bialgebroids, we consider internal entwining structures and corings over monoids in monoidal 
categories with coequalizers. 

The role of corings in the description of Doi-Koppinen modules over a bialgebroid has been 
studied already in 0. Let A = {A, R, s,t,j,TT) be a bialgebroid ^21 EH or, what is equivalent to 
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it, a X ij-bialgebra [2E]- In this notation the algebras A and R over the commutative ring k are 
the total and base algebras, respectively, the maps s : R ^ A and t : i?°P A are the source and 
target maps, 7 the coproduct and tt the counit. Recall that A is an i?-i?-bimodule via 

r ■ a ■ r':= s{r)t{r')a r,r' ^ R a E A. 

In the paper [g] an ^-coring has been associated to A (and more generally to any Doi-Koppinen 
datum over R.) It is A f A as a fc-module, the A — >l-bimodule structure is given by 

a - {b® c) ■ d = Ufi^b f a(2)cc? a,b,c,d E A 

(where the usual Sweedler's convention is used and 6 f c is the image of 6 f c under the canonical 
projection AfA^AfA) and the coproduct and the counit are 7 f A and ir ^ A, respectively. 
This coring, however, does not come from an entwining structure. 

Our first motivation to consider internal entwining structures is the aesthetical need to associate 
an entwining structure (in the bimodule category rMr) to a bialgebroid. This is done in the 
Example 13 . 31 below . It is explained in the Section El how is the internal entwining structure in the 
Example 13 . 31 related to the coring of 0. 

Our second motivation comes from the study of internal bialgebroids. The definition of al- 
gebraic structures inside categories is a very old idea ^| with many interesting results. Let us 
mention the papers ^I^^El, for example. 

Internal bialgebroids are defined in symmetric monoidal categories with coequaHzers. They 
consist of the data (A, i?, s, t, 7, tt) where A and R are monoids in M and s,t,7 and tt are mor- 
phisms in Ai . The axioms are naively copied from the case when Ai is the category of modules 
over a commutative ring k. 

Bialgebroids have been characterized by B. Day and R. Street in purely categorical terms 
[T?i| . They consider two objects R and ^ in a monoidal bicategory, a pseudo- monoid structure on 
A together with a certain strong monoidal morphism from this pseudo-monoid to the canonical 
pseudo-monoid associated to R. In the particular case of the monoidal bicategory of bimodules - 
i.e. the one with 0-cells the /c-algebras, 1-cells the bimodules and 2-cells the bimodule morphisms, 

- this definition recovers the one of the bialgebroid. As a support of our Definition 15. II of internal 
bialgebroids we prove an equivalence with the description of jin] in the case of the monoidal 
bicategory of internal bimodules. 

We give a characterization of internal bialgebroids also in terms of internal entwining structures 
and alternatively in terms of internal corings. An (internal) coring associated to an (internal) 
bialgebroid is shown to be Galois (in the sense of Definition I4.11|l if and only if the bialgebroid is 
a Xii;-Hopf algebra in the sense of . 

In the case of a bialgebroid A = (A, i?, s, 7, tt) over the commutative ring k one of the 
i?-module structures of A was assumed to be finitely generated projective in Jl]. Under this 
assumption the i?-dual was shown to have an opposite bialgebroid structure (which was called a 
right bialgebroid there). 

Our formulation of the axioms in terms of an entwining structure provides a natural framework 
for the study of the duality of internal bialgebroids, as the entwining structure is a self-dual 
notion. GeneraHzing the result of pi] we prove that if both objects appearing in the entwining 
structure possess right duals, then the dual entwining structure determines a dual internal (right) 
bialgebroid. 

2 Preliminaries 

In this section we fix our notations and conventions. 

Throughout the paper fc is a commutative ring and ^Ak denotes the symmetric monoidal 
category of k modules. 

The monoidal categories of the paper are not required to be strict but - relying on coherence 

- we do not denote the reassociator and unit isomorphisms. 
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Let {M, □, [/) be a monoidal category which possesses coequaHzers and in which the monoidal 
product preserves the coequaHzers. (In this situation we say shortly that M is a monoidal category 
with coequaHzers. A typical example of such categories is ^Ak■) Let us construct the bicategory 
BIM(X). The 0-cells in BIM(A^) are the monoids in M, the 1-cells the bimodules in M and 
the 2-cells the internal bimodule morphisms. We use bold face letters for the cells in BIM(A^) 
and the same Roman letters for their A^-object part. For example we write A = {A^hatVa) for 
a monoid and M — (M, Xm,Pm) for a bimodule in M. 

The vertical product in BIM(A^) is the composition o in M and the horizontal product is 
the module tensor product - constructed with the help of the coequalizers as follows: Let A, B, C 
be monoids in A4 and let M = {M, Xm, Pm) and N — {N, Xn, p^) be A-B and B-C bimodules, 
respectively. The object M f N is the object part of the coequaHzer of the paraHel morphisms 
Pm^N and MOX^ as on Figure^ We use the notations n( , ) and f as on FigureQlthroughout the 

pmnN n(Al.N) 
MUBUN E MUN ^ — ► MfN 



Figure 1: The coequaHzer diagram used to define the module tensor product 

paper. The A-C-bimodule M f N = {M f iV, Xj^^g, ^, Pj^^ consists of the unique morphisms 
^M^N ^"^^ Pm«'n ^ which satisfy 

A^,g^o(Ann(M,iV)) = n{M,N)o{XMaN) and (2.1) 

PM^N°(^iM,N)ac) = n{M,N)o{MapN), 

respectively. The B-module tensor product of bimodule morphisms ^ : M ^ M' and ^ : N — > N' 
is the unique morphism ^ f C in which satisfies 

(e f C) ° n(M, N) = n(A/', N') o (enc). 

The morphisms Xj^j^j^, p^jgi^y and ^ f C have been constructed using the universality of the 
coequalizer - what will be done often in the paper. Recall that such definitions "5 is the unique 
morphism for which g o n(M, N) — f " make sense provided / o (pmON) — f o (AIOXn)- 

Recall also that the coequalizer n(M, N) is an epimorphism hence we can transform statements 
on 1-cells in BIM(A^) to equivalent statements on morphisms in M by composing with it on the 
right. 

About the construction of the coherent reassociator and unit isomorphisms in BIM(A^) consult 
the Appendix in P]. 

Relying on coherence again, we do not denote the reassociator isomorphism in BIM(A^) and 
identify the isomorphic objects AfM and M ® B with M . 

If the category M is also symmetric then the bicategory BIM(A^) is also monoidal. The 
monoidal product is the monoidal product □ of on the objects with the obvious inducement 
on the morphisms 

ADB = {AUB,{^lA^piB)o{Ani:B,AOB),ljA^TlB) 

MDN = {MUN,{Xm^Xn)o{AUT.b,m^N),{pm^pn)o{MUY.n,c^D)) 
for monoids A, B, C, D, the A-C-bimodule M and B-D-bimodule N. 

3 Entwining structures in monoidal categories 

The classical notion of entwining structure [3 consists of an algebra S and a coalgebra L over a 
commutative ring k and a linear map ip: SfL^LfS relating the algebra and the coalgebra 
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structures. In what follows we replace the algebra S and the coalgebra L by a monoid S and a 
comonoid L in a monoidal category (M, 0,U). 

Definition 3.1 A left entwining structure in a monoidal category {M., □, U) consists of a monoid 
S = {S,fi,ri) a comonoid L = {L,j,tt) and a morphism tj; : SOL LOS in M satisfying the 
conditions 

ip o {-qOL) = La-q (3.1) 
{ttOS) o = Sa-K (3.2) 
(LDfi) o i^DS) o (Sa^) = ^ o (fiDL) (3.3) 
{-/aS)oi; = {LDij)o{i;nL)o{Sa-f). (3.4) 

Example 3.2 Mixed distributive laws. A left entwining structure in the monoidal category of 
endofunctors on a category C is the same as a mixed distributive law fT] of a monad over a 
comonad on C. 

Example 3.3 The internal entwining structure associated to a hialgehroid. Let (A, i?, s, i, 7, tt) 
be a bialgebroid. The bimodule 

S : r ■ a • r' = s{r)as(r') r, r' G i?, a ^ A 

with the multipHcation 

fj.:SfS^S afb^ab 

and unit s : R ^ A form a monoid in the monoidal category {rMr, f , R) of i?-i?-bimodules. 
The bimodule 

L : r ■ a ■ r' — s{r)t(r')a r, r' G i?, a Cz A 

with the comultiplication 7 and counit tt form a comonoid in {b.A4r, f , -R). 
Introducing the bimodule morphism 

ij-.SfL^LfS afb^a(,-,b'ia^2) 

(where the usual Sweedler's convention has been used) we have a left entwining structure in rMr. 

Remark 3.4 The notion of the internal entwining structure is self-dual in the following sense. 
Let the monoid S = (5, /i, ry), the comonoid L = (L,7,7r) and the morphism tp : SOL LOS 
form a left entwining structure in the monoidal category (A^, □,[/). Suppose furthermore that 
both objects S and L possess right duals S''" and L'^ in Ai. Then the monoid L'' = (L*", 7'', tt*"), 
the comonoid S'' = {S^ , ,rf) and the morphism ip^ : S'^OL'^ — > L^DS^ form a right entwining 
structure that is they satisfy 

^''■o(S"'n7r'-)==7r'-nS"^ (3.5) 

{L'-nTj'-)o,p'- = rj'-aL'- (3.6) 

(^'■□5'') o (S^'a^b'-) o (Ai'Di") = (i^OAi") ° V-" (3.7) 

V''' o (^'■□7'') = (7'^n^'') o (L'-D^'-) o (^'■□i''). (3.8) 



4 Corings in monoidal categories with coequalizers 

The classical corings P2 comonoids in {a-M-a, f , A), the monoidal category of bimodules over 
a fc-algebra A. In what follows we are going to replace A with a monoid A in a monoidal category 
(A^, □,[/). In order to define module tensor product (over A) we need the further assumption 
that {Ai, J7) is a monoidal category with coequalizers. As it is explained in the Sectional under 
this assumption the category aA4a of A-A-bimodules in is a (lax) monoidal category with 
monoidal unit A and monoidal product f . 
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Definition 4.1 Let {M, □, U) be a monoidal category with coequalizers and let A be a monoid 
in M. An A-coring in M is a, comonoid in aA^a- The morphisms of A-corings in M are the 
comonoidal morphisms in a-^a- 

We use the notation C = (C, A, P, A, e) for an A-coring where (C, A, P) is an A-A-bimodule in 
M, the A is the coproduct and e is the counit. 

Example 4-2 A coring over a fc- algebra A is a coring in the monoidal category of /c-modules. 

Example 4-3 Any comonoid in a monoidal category with coequalizers is a coring over the 
monoidal unit (with its obvious monoid structure). 

Example 4-4 The internal Sweedler coring. Let (A^, ?7) be a monoidal category with coequal- 
izers and A = {A,fi,r]) a monoid in M. The A-A-bimodule {AoA, fiClA, AO^) equipped with 
the coproduct AarjaA : AoA {AnA) f {AnA) ~ AdAdA and counit ^ : AaA ^ A is an A 
coring in A4. 

In particular let t : i? — » A be an extension of fc-algebras. Then the canonical i?-i?-bimodule 

r ■ a ■ r' = L{r)aL.{r') r,r' £ R a A 

with the multiplication ^ : A ^ A ^ A, a ^ a' i-^ aa' and unit t is a monoid A in rA4r and A® A 
has an A-coring structure. 

Example 4-5 Corings from entwining structures. Generalizing the observation of Takeuchi ([H], 
Proposition 32.6) one can construct examples of corings in monoidal categories {M,0,U) with 
coequalizers from entwining structures in it. As a matter of fact let S — (S*, /i,77) be a monoid, 
L = (i,7,7r) a comonoid and : SOL LOS a morphism in Ai. Introduce the morphism 
A: ^ (LOfi) o {-ipOS) : SOLOS LOS in M. Then the datum 

{LOS,A,LOn^-fOS,TrOS) 

is an S-coring in M if and only if the triple (S, L, ip) is a left entwining structure in Ai. 

A most classical example of corings (in Mk) is the Sweedler coring with object part ^ f for an 
extension of A:-algebras R ^ A. Our Example 14.41 leads . however, to an internal coring in nAiR. 

In a coring (in Aik) has been associated to a bialgebroid. Applying however the construction 
of Examnle l4.5l to the internal entwining structure in the Exa,mnle l3.3l we obtain an internal coring 
in rMr. 

The following proposition shows that these corings in Aik can be obtained from the ones in 
rAIr^ by applying the forgetful functor rMr M.k- 

Proposition 4.6 Let {Ai,0,U) and (A/", 0,y) he monoidal categories with coequalizers. Let 
{F,Fq,F2) : Ai ^ N he a (lax) monoidal functor which preserves the module tensor products 
i.e. such that the diagram on Figure\^ is a coequalizer diagram in N for any monoid A and 
himodules M and N in A^. Then the functor F preserves the corings. 

If furthermore F is faithful and F2 is epi then F also reflects the corings. 

F(pm)oF20FIN) F(n(AI,N))oF2 

F{M)OF{A)OF{N) : F{M)OF{N) F{M f N) 

F{M)OF{X„) o F2 



Figure 2: The coequalizer diagram in A" 



Remark .^.7 The module tensor product preserving property of a monoidal functor F : A4 — > A/" 
is equivalent to the requirement that the composite functor FG^ : aA^ a ^ A/" is essentially strong 
monoidal j2l] for any monoid A in A4, where is the forgetful functor aA^a — * Ai. 
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Proof of Proposition \4-6[ Any monoidal functor {F,Fo,F2) preserves monoids, bimodules and 
bimodule morphisms. As a matter of fact for a monoid A = (A, ^,77), an A- A bimodule M = 
{M,X,p) and A-A bimodule morphism ^ in the F{A) = {F{A),F{fj,) o F2,F{r]) o Fq) is a 
monoid, F(M) = {F{M), F{X) o F2, F{p) o F2) is an F(A)-F(A) -bimodule and F(^) is an F(A)- 
i^(A)-bimodule morphism in Af. 

Let us define the functor F : aMa f(a)A/'f(a) as 

M ^ F{M) ^ ^ F{0 

on the objects and on the morphisms, respectively. Then F is a (lax) monoidal functor with 
Fq = F{A) and F2 the unique morphism in A/" for which 

F2 o n{F{M), F{N)) = F{n{M, N)) o F2. 

Now by the assumption that F preserves the module tensor product F2 = F{M f N) hence 
F is strict monoidal. Since strong monoidal functors preserve comonoids this proves that for an 
A-coring (C,A,7',A,e) in M the iF{C), F{A) o F2, F{P) o F2, F{A), F{e)) is an F(A)-coring in 

If F is also faithful and F2 is epi then F reflects the monoids, bimodules and bimodule mor- 
phisms. Since F is strong monoidal, it reflects the comonoids. Hence if (F(C),F(A) o F2,F(V) o 
F2, F{A), F{e)) is an F(A)-coring in TV for some monoid A, object C and morphisms A, V, A and 
e in M then (C, A, V, A, e) is an A-coring in A^. □ 

The following deflnition of the Galois property of internal corings is a straightforward general- 
ization of the deflnition in 0- In what follows □, U) is a monoidal category with coequalizers, 
A = {A, p, rj) is a monoid and C — (C, A, V, A, e) is an A-coring in M. 

Definition 4.8 A right C-comodule in M. is a pair (M, rj\/) where M is a right A-module and 
TM : Af —> M f C is a right A-module morphism in M satisfying 

(tm f C) o TM = {M f A) o TM (4.1) 
M = {M fe)oTM. (4.2) 

A right C comodule morphism (M,TAf) (N,TAr) is a right A-module morphism : M ^ N 
satisfying 

TN o 4, = C) O TM- 

Proposition 4.9 The right A-module {A, jj) in Ai can be equipped with a right C-comodule struc- 
ture if and only if there exists a morphism g : U —> C satisfying the conditions 

Aog^n{C,C)o{gag) (4.3) 
eog^rj. (4.4) 

The morphism g is called a group-like morphism for C. 

Proof. Suppose that ta '■ A ^ C is a right C coaction and set g = ta o tja- It satisfies 114. 3|l by 
(I4.1|l and H4.4II by 114. 2|1 . Conversely, suppose that there exists a group-like morphism g for C and 
set TA — V o (gOA) : A ^ C . It is obviously a right A-module morphism. The identity 114. l|l 
follows from and H4.2II from H4.4|l . □ 

Definition 4.10 Let C be an A-coring with group- like morphism g and let (M, tm) be a right 
C-comodule in Ai. If there exists the equalizer of the parallel morphisms tm and n(Af, C)o[MUg) 
in Al as on the Figure 13 then the object part of the equalizer is the coinvariant subobject of 
M with respect to g. In particular, if there exists the equalizer of the parallel morphisms Vo{gnA) 
and A o {AOg) in M then its object part is the coinvariant subobject of A with respect to g. 
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^ M E M f C 

n(M, C) o (MDg) 



Figure 3: The definition of the coinvariant subobject 



Let C be an A-coring in M with group-Uke morphism g and corresponding coinvariant subobject 
B of A. The object i? - if exists - has a monoid structure with multipUcation (Xb and unit 'qs 
which are the unique morphisms in M which satisfy 

i-A ° fJ-B = fJ- ° (i-a^i-a) and 
LA°riB ^ V- 

Denote the A-B-bimodule (A, /Lt,//o (ADia)) by i* and the B-A-bimodule {A, ^ o (la^A),^) by 
L* . The A-A-bimodule t* f t* is completed to an A-coring Cb with coproduct Ab — f i-a f i-* 
and counit eb which is the unique morphisms in M for which 



Definition 4.11 The A-coring C with group-Uke morphism g and corresponding coinvariant 
subobject B of ^ is Galois (with respect to B) if there exists an isomorphism of A-corings k : 
Cb C such that 

Kon{L^,L*) o {r]Dij) = g. (4.5) 

The only A-A-bimodule morphism k : f t* (C, A, V) which is subject to 114. 5|l satisfies 

Kon{t^,L*) = Ao[Aav o{gDA)]. (4.6) 

Since a morphism satisfying H4.6II is a morphism of A-corings Cb C, the Galois property of C 
w.r.t. B is equivalent to the isomorphism property of the morphism k defined by H4.6II . 

5 Bialgebroids in symmetric monoidal categories with co- 
equalizers 

Throughout the section {Ai, □,?/,£) is a symmetric monoidal category with coequalizers. 
Definition 5.1 A left bialgebroid in A4 consists of the data 

• monoids R — {R, ^r, tjr) and A = {A, fiA, Va) in M 

• monoidal morphisms s : R ^ A and t : R°p A satisfying 

l_iA o (sOt) = HAO ^A,A o [sOt) 

• a comonoid L = (i, 7, tt) in rMr where L is the internal R-R-bimodule 

{A,HAo{saA),fiAO^A.Ao{Aat)) (5.1) 



subject to the axioms 



PMa ° il^t^VA) = PMa ° h^VA^s) (5.2) 

"forjA^n{L,L)o{TjAau) (5.3) 

70^^ = Ama ° (^°7) (5.4) 

TToriA^ Vr (5.5) 

TT o fj,A o (ADs o tt) = tt o /i^ = TT o o (ADt o tt) (5.6) 
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where we introduced the A-ADA-bimodule Ma = (i f L,Xmat PMa) with the unique morphisms 
Xma and pma which satisfy 

pma ° HL, L)aAaA) = n{L, L) o ^^^^ (5.7) 

Xma ° {An n (L, L)) = pma ° (7°^°^)- (5-8) 

(The definition 115. 8|l makes sense by Il5.2|l .l We use the notation A — (A, R, s, i, 7, tt) for a 
bialgebroid. 

Applying the Definition 15.11 in the category = A^fc of modules over a commutative ring k we 
recover the usual definition ,20 I "i "27 2.'5 of the bialgebroid. 

The morphisms of left bialgebroids over a fixed monoid R in are introduced as follows. The 
bialgebroid morphisms from A = (A, R, s, t, 7, tt) to A' ~ (A', R, s', t', 7', tt') are the morphisms 
^ : A^ A' in M which satisfy 

$ is a monoidal morphism A ^ A' in (5-9) 
$ is a comonoidal morphism L ^ L' in rA^r . (5.10) 

The category with objects the left bialgebroids in Ai over the base R and morphisms defined this 
way is denoted by BgdR(A^). 

In the paper ^01 it has been proven that a bialgebroid in A^fe is equivalent to the data 

• two /c-algebras R and A 

• a k- algebra map x ■ R-'' ^ A 

• a pseudo-monoid (A,M, J) in BIM(7Wfc) 

such that the R'^-A-bimodule induced by x - that is x* — {A, pa o {x^A), pa) - is a strong 
monoidal morphism from (A, M, J) to the canonical pseudo-monoid (R'^jHiJ). (The symbol R*^ 
stands for the enveloping algebra RDR"''.) In the following we prove an analogous result on 
bialgebroids in arbitrary symmetric monoidal category A4 with coequalizers. 

Recall that a pseudo-monoid in BIM(AI) consists of a monoid A, an A-AnA-bimodule M 
and a left A-module J together with bimodule isomorphisms 

Ia : M (JDA) ^ A 
rA : M (ADJ) ^ A 
aA : M (MDA) ^ M (ADM) 

satisfying the pentagon and triangle identities. 

Since R°p = {R,pR o Y^j^^n^rjn) is the two-sided pseudo-dual of R in BIM(A^), the monoid 
R'' = RnR°P is the monoid part of the canonical pseudo-monoid with bimodules 

m = {RaRaR,X,r, = [pRa{RDpR)] o {ROY.R^RU3)^ 

= [pRDpR o {pRaR)DpR] o (R'^'^Dl^ii^jiaR) o {RaEjiaRMuRaRaR)) (5.11) 

j^{R,PRo{RnpRoj:R^R)). (5.12) 

The bimodule isomorphisms Ir^.tr^ and aR^ are constructed as the unique morphisms in M for 
which 

Ir- o n(TO, jaR-") = (prDR) o p„, o {R°^or]RaR°^) (5.13) 
VR. o n(m, R^aj) = {ROpR) o p„ o {R°^Dr]RnR) (5.14) 
aR. o n(m, mOR^) = n(m, R^Dm) o {RaROrj'^'^aRaR) o {RaRnpROR) o X^nR" o 

{RDrjRaR"^). (5.15) 
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The requirement that x* is a monoidal morphism from (A, M, J) to (R'', m, j) means the existence 
of (bi-)module morphisms 

satisfying the conditions 

ix* f Ia) o [a (JDA)] o [m „.f,. (iDx*)] = Ir^ $ X* (5.16) 

ix* f ta) o [a J, (AD J)] o [m ,,f,^ {x*ac)] = r^e ® x* (5.17) 
ix* f aA) o [a (MDA)] o [m ,.f,. (aDx*)] = 

[a (ADM)] o [m (x*na)] o [a«. (x*nx*nx*)]- (5-18) 

The strong monoidaUty of x* means the additional requirement that a and l are isomorphisms. 

Let us introduce the category DSR(y\/() as follows. The objects are the pairs consisting of a 
pseudo-monoid (A, M,J) in BIM(A^) and a strong monoidal morphism from (A,M,J) to the 
canonical pseudo- monoid (R**, m, j) which is induced by a monoidal morphism x : R'' ^ A in A^. 
Such pairs are characterized by the collection of the data (A, M, J, R, x, cr, t). 

The morphisms (A, M, J, R, x, c, l) (A', M', J', R, x', cr', l') in DSr(A^) are the morphisms 
^ : A' in M such that 

$ is a monoidal morphism A ^ A' in (5.19) 
the A — A' bimodule $* induced by $ is a monoidal morphism 

(A', M', J') ^ (A, M, J) in BIM(7W) (5.20) 

the composite of the monoidal morphisms <&* and x* is equal to x* ■ (5-21) 

More explicitly the conditions (I5.2fll5.21|l mean that o X = x' and 

° [<^^^ (**□**)] : M ($*□$*) ^ $* f M' and (5.22) 
t' o : J ^ $* f J' (5.23) 

are (bi-) module isomorphisms satisfying the compatibility conditions of the type 115. 1615. 1811 . 

From now on let R be a fixed monoid in Ai, the (R'', m, j) the canonical pseudo-monoid Ij5.11t 
I5.12|l . For a monoidal morphism x : R'' — > A let s: = x ° {R^Vr) and t: = x° {^r^R) and denote 
the R-R-bimodule H5.1|l by L. 

Lemma 5.2 Let R and A he monoids and x ■ R'' — * A a monoidal morphism in M. Then 
the left IV^-modules m ^^^f^, (x*nx*) and (^L f L, A^®^ o (i?np^^^) o (i^DS^^^j,^)^ in M are 
isomorphic. 

Proof. We construct the required isomorphism (p ■ iti (x*'^X*) L f L as the unique 

morphism which satisfies 

00 n(m,x*nx*) = n(L,L) o A^.q^. o {RDr]RDRnRDADA). (5.24) 

It is obviously a left R'^-module morphism. It is an isomorphism with inverse the unique morphism 
(/) for which 

4>on{L,L) ^ n{m,x*Ox*) o {r]'^^aAaA). (5.25) 

□ 

For an object (A, M, J, R, x, cr, t) in DSr(AI) let us use the isomorphism (j) in l|5.24ll to define 
the A-ADA-bimodule 

Ma = (i f L,Xma = (/-ocr-i o Am o {AOa o cj)-'^), = cjjoa-^ o pM o {a o (t>-^UAuA)) . 

(5.26) 

It is easy to see that pma ° ['~'(-^, L)ny4nA] — n(i, L) o paua- 
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Lemma 5.3 Let (A, M, J, R, x, ct, i) be an object in DSr(A^) and Ma the A-AOA-bimodule 
\5.26\) . Then the unique morphisms ^ and C in A4 for which the relations 

C o n(L, L f L) = n{MA,AnMA) o [n{L, L) o {7^a07^aVAO{L f L)] (5.27) 
ion{Lf L, L) = n(AfA, Ma^A) o [n{L, L) o (f^A^iu)^{L f L)nA] (5.28) 

/loW true are both isomorphisms and 

CoC^ = [<^on-\®^ {An(l,ocT-^)]oaAo[ao(j,-^ ®^ (ao^-iQA)] (5.29) 

where ua is the coherent bimodule isomorphism satisfying \5.1I^) . In particular, ( o is an 
A-A°^ -bimodule isomorphism. 

Proof. The isomorphism property of C, and ^ is proven by constructing their inverses as the unique 
morphisms C and ^ m for which 

C o n(M^, AUMa) o [n(L, L)aAaMA] = n(i, Lf L)o Xauau (5.30) 
ion{MA,MAaA)o[n{L,L)nMAaA] = n(L f i,L) o Am^da- (5.31) 

The equation 115.2911 follows from II5.27|I and 

o (An0 o a-1)] o o [a o (a o ^ 'n^)] ° f ° n(L, L f i) o (AD n (L, L)) 

= (Aacj,)] o [a^e (x*nx*nx*)] ° [r' .f. (r'n^)] ° n(M^,MAn^) 

o[n(L, L) o (77An?7A)n n {L, L)aA] 
= n{MA,ADMA) o [n{L, L) o (r7^nry^)n^n n (i, L)] 

which is the consequence of Ij5.28ll . II5.18|I and Ij5.15ll . □ 

For an object (A, M, J, R, x, cr, t) in DSr(7W) let us use the isomorphisms C, and ^ in Ij5.27t 
I5.28|l to define the A-A^^-bimodule 

M3 = (L f L f L, Am, = r' ° ^M^^(Mj,uA) o {AU^) = C"' ° ^M^^{AaM^) o {AaQ , 

PM3 = r' ° PM^®(M^nA) ° (Cn^°') = C"' ° AM^®(AnM^) o (Cn^°')) ■ (5.32) 



Theorem 5.4 T/«e categories BgdR(A^) anii DSr(AI) are equivalent. 

Proof. We start with the construction of a functor T : DSr(A4) — * BgdR(A4). It maps the object 
(A, M, J, R, X, o", t) of DSr(7W) to the bialgebroid (A, R, s, t, 7, tt) where 

s = xo{ROvb) t = x°{m^R) (5.33) 
7 = ° n (L, L) o (rMDr/^)] (5.34) 
TT = o Aj o (ADt o r/fl;) (5.35) 

and the morphism Xma is introduced in 115.2611 . Both 7 and tt are R-R-bimodule morphisms by 
the left R'^-module morphism property of l and of (j) o , respectively. The axioms H5.2I5.6|I 
follow easily from the definitions Ij5.34l5.35|l using the identities tt o s ^ R and 

o {-/aAaA) = Am^ o (Ad n {L, L)). (5.36) 

The non-trivial properties are the coassociativity of 7 and the counit property of tt. The coasso- 
ciativity follows from the Lemma, lOI a,s follows. Use the first forms of Ajv/g and of pm^ in H5.32|l 
and the identity H5.36II to conclude that 

\m, o [Au n{LfL,L)o {n{L, L)aA)] = o [(7 f L) o joAaAaA] 
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and the second forms of Xm^ and of pA/3 in H5.32II and Il5.3fi|l to show that 

Xm, o [AD n{L,LfL)o {AU n (L, L))] = pm, o [{L f 7) o jDAdAdA]. 

This results (L f 7) o 7 = o {AD n (i f L, L) o [n{L, L) o {i^aUi^a)Ut^a]} = (7 f L) o 7. 
The counit property is proven by a similar argument. Introduce the left A- module 



Ja = (i?, o Aj o [AUi) =TTo fiAO (ADs)) . (5.37) 

One checks that the unique morphisms in M which satisfy 

Kion{MA,JAOA) = {nf L)o pM^o[{Lf L)asnA] and (5.38) 

K2 o n(MA,ADJA) = {L®tt)o pm^ o [{L f L)UAUt] (5.39) 



are ki = o [ct o (f)~'^ J^^ {i-^-^)] and K2 = ta o [cr o (ADt)], respectively, where I a and rA 

are the coherent bimodule isomorphisms satisfying the conditions Il5.1fi|l and H5.17|l . Now using 
the left A-module morphism property of ki and H5.36II we obtain 

(7rfL)o7 = (t: ® L)o pMA°[l^^J■AaA°{'nA^'nA^so■qJ^U'qA)] = 

Ki ° Xmj,®(Jaua) o {AU n {Ma, JaUA) o [n{L,L) o {riAar]A)UrjRDrjA]} = 
PA o [AD{7T f L) o n(L, L) o (r/An?7A)] = A (5.40) 

and from the left A-module morphism property of K2 it follows that (L f 7) 07 = A. This finishes 
the construction of the functor J- on the objects. 

The functor J- acts on the morphisms as the identity map. For a morphism $ : (A, M, J, R, x, c, 
i) (A',M', J',R,x',cr',i') in DSr(A^) the conditions H5.9l5.in|l follow from the fact that $ is 
a bimodule morphism L ^ L' and a left R'^-module morphism x* x'* ^md the left A-module 
morphism property of the morphisms (15. 2215. 2311 . 

Let us turn to the construction of the functor Q : BgdR(Al) DSr(A^). It maps the object 
A = (A, R, s, t, 7, tt) in BgdR(A^) to (A, Ma, Ja, R, X, 0, R) where Ma is the A-ADA-bimodule 
defined on the object L f i as in Ij5.7l5.8ll . the J a is the left A-module 

{R,7ropA o (AaR)) 

and X' — f^A° (sOt) and the morphism (j) has been introduced in H5.24II . 

We claim that (A, Ma,Ja) is a pseudo-monoid in BIM(A4) by constructing the coherent 
bimodule isomorphisms Ia^ta and a a- The I a and ta are the unique morphisms in M. which 
satisfy 

lAon{MA,JA^A)^{T:fL)opMAo[{L®L)UsUA] and (5.41) 
rAon{MA,AUJA) = (L f n) o pma o [{L f L)aAatl (5.42) 

respectively. Both are isomorphisms with inverses 

Ia^ = n{MA, JaOA) o [n{L, L) o {r^A'^r^A)'^VR'^A] 
r-j^ = ^{Ma^AUJa) o [n(i,L) o {r]A^r^A)^AU^s\. 

Their right A-module morphism property is obvious. The left A-module morphism property 
follows from Il5.fi|l . the left R- module morphism property of 7, the axioms (15.311 and H5.4II and the 
counit property of tt. 

In order to construct aA introduce the morphisms ^ and ^ with the same formulae (15. 2715. 2811 
as in Lemma lKT^ with the only difference that Ma stands now for the A-ADA-bimodule (15.715.8(1 . 
Just the same way as in the Lemma they are shown to be isomorphisms. Set 

aA: = C°r'- (5.43) 
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Its bimodule morphism property follows from the bimodule morphism property of 



C : (L f L f i, A3, P3) ^ Ma J, (Mj^OA) 
e : (L f L f L, AJ,, P3) ^ Ma (ADMa) 



and 



(where the morphisms A3, A3 and ps are the unique morphisms in M for which 



P3 o [n{L f L, L)nA°3] = n{L f L,L)o pm^ua ^ 

P3 o [n{L, L f L)aA''^] = n(L, LfL)o pAuM^ 

A3 o [AU n{L,Lf L)o {AD n (i, L))] = p3 o [(L f 7) o jaA°^] 

A3 o [^n n{LfL.L)o{ n(L, L)nA) ] = ^3 o [(7 f l) o 70^°^; 



(5.44) 
(5.45) 
(5.46) 
(5.47) 



and the coassociativity of 7. 

The proof of the pseudo-monoid property of (A, Ma, Ja) is completed by the lengthy but 
straightforward check of the triangle and pentagon conditions. 

The fact that the bimodule isomorphisms 



satisfy the conditions 115. 1615. 1811 follows from the identities II5.41|I and H5.13|l . II5.42|I and II5.14|I . 
II5.43|I and H5.15|l - after some playing with the coequaHzers. 

The functor Q acts on the morphisms as the identity map. One checks that for a morphism 



$ : (A,R, s,i,7,7r) (A', R, s', i', 7', tt') in BgdR(7W) the conditions H5. 1915.2111 follow from 
II5.HI5.1()II. 



The composite functor TQ is the identity functor BgdR(AI), while QT is naturally equivalent 
to the identity functor DSr(A^). The image of the object (A, M, J, R, x, ct, l) in DSr(A^) under 
QT is the object (A, Ma, Ja, R, X, R) where Ma is the A — ADA-bimodule defined in ()5.26|l . 
J A is the left A- module Ij5.;-i7|l and 4> is the morphism (j5.24ll . The required natural equivalence at 
the object (A, M, J, R, x, cr, 1) is the identity morphism A. As a matter of fact the A-A-bimodule 
{A, P^a) with the coherent bimodule isomorphisms cr o : Ma M and i : Ja ^ J 
is a strong monoidal morphism (A, M, J) (A,Ma, Ja) since the coherence conditions H5.16|l 
and Ij5.17ll hold true by the observation that the unique morphisms satisfying Ij5.88l5.89|l are 
Iao[(Jo ('-□^)] and o [cr o 4,-'^ {ADl)], respectively, and the definitions H5.41I5.42|I . 

The condition Ij5.18ll follows from Lemma lOI and Ij5.43ll . □ 

The definition H5.9l5.ir)|l of bialgebroid morphisms is very restrictive. In the case of bialgebroids 
m Mk more general morphisms have been introduced in and also in (2^. The idea of (2^ can 
be applied also in our context. One can introduce a bigger category DS(A^) the objects of which 
are the objects of all the categories DSr(A^) as R runs through the monoids in M. The definition 
of the morphisms follows Street's definition of the 1-cells in the bicategory of monads |2lj. Then 
the object functions of the functors T and Q constructed in the proof can be used to define a 
bigger category Bgd(A^) of bialgebroids m ^A. As a guiding principle they are required to be the 
object functions of equivalence functors P : Bgd(X) DS(7\/() and Q' : DS(7W) — > Bgd(7W), 
respectively. We do not consider this question in more detail here. 

The axioms of the internal left bialgebroid in the Definition 15.11 are not invariant under the 
change of the monoid A to the opposite A°p . As the opposite version of the left bialgebroid the 
right bialgebroid is introduced as follows. 

Definition 5.5 A right bialgebroid in the symmetric monoidal category {A4, □, J7) with coequal- 
izers consists of the data (A, R, s, t, 7, tt) where A — {A, pajVa) and R = {R, pr, rjn) are monoids 
in A^, the s : R ^ A and the t : R°p A are monoidal morphisms such that 



0:m,.®,, (;^*n;^*)^;^*f Ma 
i?:j--X*f Ja 



PA ° (sOt) — PA o ^A,A o (sOt) 
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and K — {K, 7, tt) is a comonoid in rMr where K is the R-R-bimodule 

(A, fiA o o {taA),tiA o (ADs)) . 
They are subject to the axioms 

1 °riA^ ^{K, K) o {tjaOtja) 
JO ^A^ PNa ° il^A) 

TTOr]A=VR 

IT O flA O (s O TtOA) = tt O flA = TT O j_lA O (t O TtOA) (5.48) 

where we introduced the ADA-A-bimodule Na — [K f K,Xn^, PNa) with the unique morphisms 
in M. for which 

Xna ° {AuAU n {K, K)) = n{K, K) o ^AuA 
PNa ° in{K,K)nA) = Xna o (AnAn-f). 

6 The formulation of internal bialgebroids in terms of en- 
twining structures and corings 

The axioms of the bialgebra over a commutative ring k have been related to entwining structures 
in (jHl, Proposition 33.1) and to corings in (j2Hl) Proposition 5.2). Our aim in this section is to 
give similar relation between bialgebroids, entwining structures and corings in symmetric monoidal 
categories with coequalizers. 

Throughout the section □, U, S) is a symmetric monoidal category with coequalizers, R — 
{R, fiR, rjn) and A — [A, p.A,r]A) are monoids in M and x : R'' ^ A is a monoidal morphism. Let 
us introduce the R-R-bimodules 

L = {A, Xl = PAO {sDA),pL = PAO ^A,A o {AUt)) 

S = {A, Xs^PAO (sOA), ps^PAO {ADs)) 

where s — x°{R^iir) and t — x°{ilR^R)- (Notice that the A^-objects L® L and LfS coincide.) 
Introducing the unique morphism : 5 f 5 ^ 5 for which 

PS o n{S, S) = PA 

we have a monoid S = {S,ps, s) in rA^r, the monoidal category of R-R-bimodules in M. 

Let L = (L, 7, tt) be a comonoid in rA^r and pma ■ {L f L)UAuA ~> {L ^ L) the morphism 
ll^ in M. 



Theorem 6.1 The following are 

i) The comonoid L obeys the properties 

IT is an epimorphism (6-1) 
JO PS = pma ° il^sOriA) (6.2) 

the monoid S, the comonoid L and the unique morphism i/'^SfL^LfS for which 

^pon{S,L)= pma ° ilOADru) 
form a left entwining structure in rA^r. (6.3) 

ii) The comonoid L satisfies the properties i6.1\l . \5.^) and 

C = (L f S,Xma,PMa ° [{L f S)Ur^A^Allt S.^fS) (6.4) 
is an A-coring in Ad, where Xma • AO{L S) ^ {L S) is the morphism f5.<^) in Ad. 
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iii) (A, R, s, i, 7, tt) is a left bialgebroid in M. 

Remark 6.2 The implication iii) ^ ii) of Theorem 16 . 1 1 follows from (jg], Proposition 4.1) in the 
case when M is the category of modules over a commutative ring. 

Remark 6.3 The i iii) part of the Theorem 16.11 is a generalization of (jH], Proposition 33.1 
(1)) where no analogues of the conditions l|6.1ll and l|6.2|l appear. 

We need the condition ljfi.2|l in order for the definition ()6.3|l of the morphism ?/' to make sense. 
In the context of one works in the category of modules over a commutative ring k. In this case 
the condition Ij6.2ll is trivial in the sense that it is identical to the fc-module morphism property 
of 7. 

The role of Hfi.l|l is different. The starting point in jgj is an algebra (A, ^,77) and a coalgebra 
(A, 7, tt) over a commutative ring k which are entwined by the /c-linear map 

i,:AfA^AfA af 6K^a(i)6f a(2) 

- where we used the Sweedler's convention for the coproduct. It is proven in [H| that both tt and 
7 are multiplicative and 7 is unital. The reader may check that the unitality of n is equivalent, 
however, to the faithfulness of A as a /c-module, what is further equivalent to the injectivity of rj 
and also equivalent to the surjectivity of tt. 

The situation in our more general context is similar. All bialgebroid axioms II5.2I5.6|I follow 
from the assumptions II6.2I6.3|I except l|5.5|l . As a matter of fact under the assumptions Ij6.2l6.3|l 
the following are equivalent: 

TT is an epimorphism 
^ s is a monomorphism 

Proof of Theorem, \6.1\ 

i) iii) By the assumption Hfi.2|l the definition Hfi.3ll of ■0 makes sense. Since 7/; is assumed to 
be a right R-module morphism the axiom 115. 2|l is satisfied. From the assumption that (S,L, 7/;) 
satisfies Ij3.1ll it follows that the axiom Ij5.3ll holds true, by 113. 3|l so does Ij5.4|l . The axiom 115.511 
follows from the assumption l|6.1|l while Il5.6|l is the consequence of Ij3.2|l and the identity 

TT o (tt f 5) o o [{L f L)UAUr^A\ = tt o o [(i f tt)UA] 

which follows from the R-R-bimodule morphism property of tt. 

iii) i) It follows from 115. 5|l and the left R-module morphism property of tt that tt o s = R 
hence the condition Ij6.1|l holds true. The condition Il6.2|l follows from Il5.4|l . Ij5.3|l and the left 
R-module morphism property of 7. The left R-module morphism property of ^ follows from the 
left R-module morphism property of 7 and its right R-module morphism property follows from 
(jSg. The axiom (EU follows from The implies that 

(tt f 5) o ° [{L f L)aAaT]A] ^ {n ® S) o o [{L f L)Ds o ttOt^a]. (6.5) 

Applying 116. 5|l , the assumption Hfi.2ll and the counit property of tt one proves 113. 2|l . 
In order to prove H3.3II use the identity 

iLfps)o{^fS)oniS,LfS)o (ADpmJ = PAu ° (XAu^AaA) 

together with H5.4II . 

The axiom H5.4II implies that both 7 f and L f j are left A-module morphisms {L f 
L,Xma) ^ (-^ f f ^3) where A3 has been introduced in II5.47|I . Furthermore 

(L f V) o (-0 f L) o n{S,Lf L) = A3 o {AD n (L f L,L) o [{L f i)^/?^]}. 
These observations imply H3.4II . 
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i) ii) The axiom Ij5.2ll holds true by the right R-module morphism property of ip. 

Since M is a monoidal category with coequaHzers so is rMr. Using the method of the 
Example 14.51 we can construct an S-coring in rA^r as 

{LfS,A,L'ifis,lfS,TTfS) (6.6) 

where A = (L f ^s) ° (V' f S). 

The forgetful functor : rMr ^ M is a monoidal functor preserving the module tensor 
product hence by Proposition 14.61 it maps the S-coring Ij6.6ll in rA^r to an A-coring in A4. It is 
straightforward to check that it is the A-coring 116. 4|l . 

ii) =4> i) The unitality of the bimodule H5.7I5.8|I impHes that j o ija ^ n(L, L) o (ry^D?;^) and 
by the left R-module morphism property of 7 also 705 = n(L, L) o (sDyy^). Combining this result 
with the assumption that (L f S', A Ma ) is a left A- module in A4 , one proves the condition (|6.2ll . 

This makes it sensible to introduce the unique morphism A: Sf^L^S^L^S in Ai with 
the requirement that 

Aon(5,Lf 5)-Am^. (6.7) 
Observe that the A-coring Ij6.4ll in M is the image of the S-coring 

(Lf S,A,L 1^^5,7 f^,^f^) 

in rA^r under the forgetful functor : rA^r M. Indeed, since G^ is a monoidal functor 
preserving the module tensor product and it is faithful and = n( , ) is epi, the functor G^ 
reflects corings by Proposition 14.61 

The morphism i:: = A o {S f L f s) : S f L L f S in M satisfles 

A = (L f Ms) oii;fS) 

hence we can apply the "only if" part of the statement in the Example 14.51 to conclude the claim. 

□ 

It is straightforward to prove the 'right handed' version of the Theorem l6.1l that is to formulate 
the axioms of the right bialgebroid in M in terms of a coring in M and alternatively, in terms of 
a right entwining structure in rA^r. 

The construction of associating a coring H6.4|l to a bialgebroid can be appHed to a bialgebra H 
over a commutative ring k. As it is known from (JUj Theorem 1.1) the resulting coring is Galois 
if and only if iJ is a Hopf algebra. Motivated by this result in the rest of the section we investigate 
under what conditions on the bialgebroid (A,R, s,i,7,7r) is the A-coring 116. 4|l Galois. 

The Galois property of corings is deflned w.r.t. a given group-like morphism. Let us flx 
the group-Hke morphism r\{L,S) o (7^^077^) for the coring 116. 4|l . The corresponding coinvariant 
subobject of A is identified by the following 

Lemma 6.4 The diagram on the Figure^is an equalizer diagram in Ai. 

t pM^o[n{L,S)o{r^AaiiA)aiiADA] 

R ^ A — r L'§S 



o [Aa n {L,S) o {r]Aar]A)] 



Figure 4: The coinvariant subobject in the coring Ij6.4|l 



Proof. The commutativity of the diagram on Figure follows from the observation that pma ° 
[n(L, S) o {r]Aar]A)aTjAaA] = n{L, S) o (tja^A) and \ma ° n (L, S) o {riAOriA)] = 7, the axiom 
115. 3|l and the right R-module morphism property of 7. 

The universality of the morphism t : R ^ A follows since for any object X and morphism 
f : X ^ Ain such that n(L, S) o (ry^D/) = 70/ the morphism / factorizes through R in the 
unique way f — t o tt o f . □ 
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Recall that the Galois property of an internal coring is equivalent to the isomorphism property 
of the morphism k defined by H4.6|l . Substituting the group-Hke morphism n(L, S) o [rjAU'qA) and 
the equalizer in the Lemma 1^31 the definition Ij4.6|l takes the form 

Kon{t^,X)^ PMa°{i^Va'^A). (6.8) 

The morphism k introduced by ll(i.8|l has been studied by P. Schauenburg jl^ in the case of 
bialgebroids (A, R, s, t, 7, tt) in the category M.k- In that case the isomorphism property of k was 
shown to be equivalent to the strong right closed property of the forgetful functor p^M rA^r 
hence it was proposed as the definition of the x fl-Hopf algebra. 

Corollary 6.5 Let A — (A, R, s, t, 7, tt) he a left bialgebroid in Ad. The corresponding A-coring 
i6.4}) is Galois (with respect to the coinvariant subobject R of A corresponding to the group-like 
morphism j o tja) if and only if the morphism k, in Ad introduced in \6.f^) is an isomorphism. In 
this case we may call A a x^^-Hopf algebra. 

7 Duality of internal bialgebroids 

The entwining structure is a self-dual notion in the sense of Remark 13.41 Therefore the the 
description of the internal bialgebroid in the part i) of Theorem 16 . II provides a natural framework 
for the study of its duality. That is one can ask whether the dual of the entwining structure in the 
part i) of Theorem 16. II - if exists - satisfies analogous properties to Ij6.ll6.3ll hence determines a 
dual bialgebroid. The answer is given by the following 

Theorem 7.1 Let (A^, □,[/,!]) he a symmetric monoidal category with coequalizers . Let A — 
(A, R, s, t, 7, tt) be a left bialgebroid in Ai and (S,L,7/;) the entwining structure in rA^r as in 
the part i) of Provosition \(i.l\ Suppose that both R-R bimodules S and L possess right duals in 
rAIr. Then the dual bimodules have the form 

L^ = (S, fiB o (^"DB), ^iB o {BDn^)) (7.9) 
S"^ = (B, ^IB o ^B^B o [qUB], ^IB o (BO^")) , (7.10) 

respectively, where B is some object and q is some morphism in A4 and B is the monoid (-6,7'^ o 
n(L'', L''), tt'' o rjii) in Ai. The right entwining structure (L'', S'', -0' ) obeys the properties 

is an epimorphism (7-11) 

^'on{S\L') = XN^o{T^BaBafx'-) (7.12) 

where Xna is the unique morphism in Ai for which Xn^ o (^BDBO n (L"^ , S*' )) = n(L'', S'') o ^bob- 
Equivalently, (B, R, tt"", s*") is a right bialgebroid in Ai. 

Proof. Let us denote the evaluation and coevaluation morphisms by 

Us ■■ S 'i S"- ^ R ns:R^S''fS 
UL-.LfL'-^R r\L ■■ R ^ L'' f L. 

It is obvious that L^ is of the form 117. 9|l since L*" = (L^ tt'') is a monoid in A4. Since Xl = Xs, 
the A4-object parts B of L"^ and B' of are isomorphic via 

t ■.= {S^f UL)on{S^'iL,L^)o{nsor^naB) : B ^ B' 
t-':= {L' f Us) o niL'' f S, S^) o {riL o vrDB') : B' ^ B. 

What is more t : ^ \& a. right R-module isomorphism. This means that we can choose the 
objects B and B' to be the same and require the equivalent conditions on Al-morphisms 

t = B 

o ULon(L,L'') = Uson(S',S"^) 

^ f^L o ^ r\s o r]R 
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to hold true. (Notice that then the X-objects S"' f S', S"" f L, L*^ f S' and L"" f L are all equal.) 
The identity As-- = Ms ° ^b,b ° {q^B) is checked by direct calculation setting q: — Xs^ o (RO-qg) 
and using the forms 

As- - (S^- f Us) o n(^'- f s, sn o [psr^s o {ris o VRORm 

r/B = (i'' f Tt) O Dl O 

and the identity pma ° il^sO-qj^) = 70 p^. 

Since n o s ^ R also s'' o tt*" = i? which proves that s*" is an epimorphism. In order to prove 
the identity 117.1211 let us introduce the B-R bimodule 

P = (L'- f SWn. o {fjBaBDiL^ f Sn),PL^^s^) ■ 

The identity ^ o n(5, L) = ° {l^AnrjA) impHes that 

(5'- f Ms) o n{S- fS,S)o [{Y f S) o (L'- f nL)aA] o II^^b = 

{S'fLf Us) o n{S^ iLfS,S^)o [{S^ f ^) o ns f L)nB], 

from which it follows that 

{L-fS^fLf Us) o n{L- fS^fLfS,S'^)o [(L^ f f V) ° (^'^ f Hs f L) o o yy^^DB] 
= (L-- f f Ms) o AP55S®S o f ns f 5) o ns o r/^], 

hence ifTHjl . 

Applying the 'right handed' version of Theorem 16.11 the properties of the right entwining 
structure (L*", S*", ■0'') proven so far are equivalent to the statement that (B, R, tt'', g, m*^, s*") is a 
right bialgebroid in A4. □ 
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